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Single-Particle Tracking: Effects of Corrals

Michael J. Saxton
Institute of Theoretical Dynamics, University of California, Davis, California 95616, and Laboratory of Chemical Biodynamics, Lawrence
Berkeley National Laboratory, University of California, Berkeley, California 94720 USA

ABSTRACT Structural proteins of the membrane skeleton are thought to form “corrals” at the membrane surface, and these
corrals may restrict lateral diffusion of membrane proteins. Recent experimental developments in single-particle tracking and
laser trapping make it possible to examine the corral model in detail. Techniques to interpret these experiments are presented.
First, escape times for a diffusing particle in a corral are obtained from Monte Carlo calculations and analytical solutions for
various corral sizes, shapes, and escape probabilities, and reduced to a common curve. Second, the identification of corrals
in tracking experiments is considered. The simplest way to identify corrals is by sight. If the walls are impermeable enough,
atrajectory fills the corral before the diffusing particle escapes. The fraction of distinct sites visited before escape is calculated
for corrals of various sizes, shapes, and escape probabilities, and reduced to a common curve. This fraction is also a measure
of the probability that the diffusing species will react with another species in the corral before escaping. Finally, the effect of

the sampling interval on the measurement of the short-range diffusion coefficient is examined.

INTRODUCTION

It has long been thought that structural proteins of the
membrane skeleton form “corrals” near the membrane sur-
face and that these corrals restrict the lateral diffusion of
membrane proteins. The corral model was proposed by
Sheetz (1983) and was further developed into the gate
model (Tsuji and Ohnishi, 1986; Tsuji et al., 1988). The
long-range diffusion coefficient of the gate model is given
by a percolation model (Saxton, 1989). The general topic of
domains in membranes has been reviewed recently (Edidin,
1992, 1993; Jacobson and Vaz, 1992; Sheetz, 1993; Vaz and
Almeida, 1993; Zhang et al., 1993).

Sheetz et al. (1980) clearly demonstrated the effect of the
membrane skeleton on lateral diffusion. They measured
long-range lateral diffusion rates in normal erythrocytes and
spherocytes lacking a membrane skeleton. The diffusion
coefficient of the anion transport protein, band 3, was higher
by a factor of 50 in the spherocytic cells. Other experiments
showed that the diffusion coefficient was increased by treat-
ments that weaken association of membrane skeleton com-
ponents and was decreased by treatments that strengthen
association (Golan and Veatch, 1980; Sheetz, 1983; Tsuji
and Ohnishi, 1986; Tsuji et al., 1988).

Two recent experimental developments provide new
ways to test the corral model. First, in single-particle track-
ing experiments, computer-enhanced video microscopy is
used to measure the motion of individual proteins on the cell
surface (Anderson et al., 1992; de Brabander et al., 1991;
Fein et al., 1993; Ghosh, 1991; Ghosh and Webb, 1987,
1994; Hicks and Angelides, 1995; Kucik et al., 1990; Ku-
sumi et al., 1993; Mecham et al., 1991; Schmidt et al., 1993;
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Sheetz and Elson, 1993; Sheetz et al., 1989; Wang et al.,,
1994; Zhang et al., 1991). Second, laser traps can be used to
move individual proteins across the cell surface with a
known force. The motion is again observed by computer-
enhanced video microscopy (Edidin et al., 1991; Sako and
Kusumi, 1995; Svoboda and Block, 1994).

In single-particle tracking, membrane proteins are labeled
with a highly fluorescent label or with colloidal gold mi-
crospheres. The trajectories of individual particles are
tracked as they move on the cell surface. The time resolu-
tion is typically 1/30 s, and the spatial resolution is 5-50
nm. The power of this technique was demonstrated in recent
work by Sako and Kusumi (1994) on the transferrin receptor
in the plasma membrane of cultured rat kidney cells. The
receptor appeared to diffuse within a compartment for a
time, then move to an adjacent compartment, diffuse within
that compartment for a time, and so on.

Laser tweezers make it possible to move particles over
the cell surface in a controlled manner by optical forces
(Svoboda and Block, 1994). For a laser trap of given
strength, the barrier-free path length can be measured (Edi-
din et al.,, 1991), and if the strength of the trap is varied, the
distribution of barrier heights can be examined (Sako and
Kusumi, 1995).

‘We assume that the corral walls are fixed potential energy
barriers. The probability of crossing a barrier is the same in
either direction and is independent of time. In contrast, for
the erythrocyte membrane skeleton, the walls are thought to
act as transient gates (Tsuji and Ohnishi, 1986; Tsuji et al.,
1988). If a tracer crosses a gate, the probability that the gate
remains open decays with time, and the probability that a
tracer immediately re-enters the corral is enhanced. The
model could be extended to include this case. We assume
the simplest sort of barrier, a line that a tracer can cross with
prescribed probability. We shall see that a more detailed
model would be useful, specifying the potential energy
function between barrier and tracer.



390 Biophysical Journal

We calculate the escape time fgg from a corral and the
fraction of distinct sites visited before escape Fpgyg as a
function of the escape probability P, the corral size a, and
the diffusive step size £. The probability that the tracer will
react with a species in the corral before escaping is propor-
tional to the fraction Fpgyg. This fraction also indicates
whether it is possible to identify the corral by sight. If a
tracer diffuses in a corral long enough before escaping, its
trajectory outlines the corral. We show that a mathematical
test for trapping proposed earlier (Saxton, 1993) is a more
sensitive test for corrals than identification purely by sight.
We also examine a sampling problem for single-particle
tracking measurements of motion in a corral. A particle may
diffuse a significant fraction of the corral size in the time
between observations (Sako and Kusumi, 1994), resulting in
underestimates of the short-range diffusion coefficient.

METHODS

Diffusion calculations for lattices are carried out by modifications of
methods described earlier (Saxton, 1987). A tracer is placed at a random
position in a single corral and carries out a random walk. The corral
boundaries are drawn between lines of lattice points, not connecting the
lattice points, so that a tracer can cross the corral boundary but cannot
diffuse along it. When the tracer tries to cross a corral boundary, a random
number is generated, uniformly distributed between 0 and 1. If the random
number is less than the prescribed escape probability, the tracer crosses the
boundary; otherwise, it remains at its previous position. The escape time
and the fraction of distinct sites visited before escape are recorded. Typi-
cally 5 X 10* to 1 X 107 trajectories are used.

Monte Carlo calculations for the continuum are carried out as described
earlier (Saxton, 1994). Typically 2.5 X 10*to 1 X 10° trajectories are used.
When a tracer collides with the corral wall, it tries to cross with the
prescribed escape probability, as in the lattice case. If it does not cross, it
remains at the point of intersection of its trajectory with the wall. This
condition seems appropriate for a system as viscous as a bilayer. To model
a gas-phase system with rigid walls, the tracer would be reflected at the
wall.

For diffusion on a lattice, the fraction of distinct sites visited before
escape was evaluated. The corresponding quantity for continuum diffusion
is the Wiener sausage volume, calculated as follows. For each tracer, the
entire trajectory is recorded as a sequence of points. For the point Wiener
sausage, each trajectory point is surrounded with a circle of prescribed
radius, and the area of this set of overlapping circles is found. For the line
Wiener sausage, successive trajectory points are connected with straight
lines, each point on the lines is surrounded with a circle of prescribed
radius, and the area of this set of overlapping circles is found. To find these
areas, a set of (typically 10°) integration points is generated. For each
integration point, the distances to the nearest trajectory point and line are
calculated. Histograms of these distances are compiled and, from the
cumulative histograms of distances, the areas are found as a function of the
radius of the circles. Quasi-random integration points are used (Press et al.,
1992). These are much more efficient than random integration points, as
verified by test calculations on simple shapes. Typically, 5 X 10° to 1 X
10* trajectories are used.

A simpler and faster way to calculate sausage volumes is to record
trajectory points on a fine grid, surround each trajectory point with a circle,
and mark the grid points inside the circles. At the end of the trajectory, the
marked points are counted. Trajectory lines can be treated similarly. We
did not use this approach because we wanted to be able to vary the radius
of the circles, and the quality of the grid approximation would change
considerably with radius. For calculations at fixed radius, this approach
may be preferable.
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RESULTS

Individual trajectories for continuum diffusion are shown in
Fig. 1 for circular corrals with various escape probabilities.
The tracer starts at a random position in the corral and
carries out a random walk. At each collision with the
boundary, the tracer escapes with probability P. The trajec-
tory outlines the corral only at low values of P.

The Monte Carlo results are in dimensionless units of
length r* = r/€ and time t* = #/7;, where ¢ is the lattice
spacing (or the step size in continuum diffusion), and 7, is
the jump time. The diffusion coefficient is D = D,D*(C),
where D, is the diffusion coefficient in an unobstructed
system, and D*(C) is a dimensionless diffusion coefficient
depending on the obstacle concentration. The only obstacles
here are the corral walls, so D*(C) = 1 and D, is the
diffusion coefficient far from the corral walls. The units are
related by €2 = 4D,T,, and the dimensionless mean-square
displacement is then {r*2) = D*(C)r*. For clarity we retain
the asterisks for dimensionless quantities.

Average escape time from a corral

If a particle is diffusing in a corral with semipermeable
walls, how long does it take to escape? We can find the
escape time analytically or by Monte Carlo calculations,
depending on the geometry of the corral. We do not know
the shape of the corrals in cells, so it is useful to see how
sensitive to shape the escape time is.

The concentration C(r, f) of diffusing particles in a corral
is the solution of the diffusion equation

aC(r, t)/dt = DV*C(r, 1), )

where the initial condition is a uniform distribution, and the
boundary condition is

39C/ar = hC o)

on the corral walls. If » — 0, the wall is perfectly imper-
meable, and if 7 — o, the wall is perfectly permeable. The

P =0.001

P =01

FIGURE 1 Trajectories for continuum diffusion in circular corrals with
escape probabilities P = 0.1, 0.01, and 0.001. The radius is 10 steps. The
initial and final points are shown as filled circles. For the trajectory with P
= 0.1, there are 18 collisions with the wall in 105 time steps; for P = 0.01,
217 collisions in 1881 steps; and for P = 0.001, 75 collisions in 864 steps.
Note the randomness of the random walks. The escape time for P = 0.01
here is twofold greater than the escape time for P = 0.001. Readers should
consider what they would conclude about the corral size and shape if the
boundary were not shown.
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concentration is then integrated over r to give the total
number of particles N(f), and from this the average escape
time g is found (Lee et al.,, 1987). The solutions for
circular and square corrals (see Appendices A and B) are of
the form

tesd/ T = F(ha), 3)

where a is the characteristic length of the corral, A is the
corral area, T = A/4D is the characteristic diffusion time in
the corral, and F is a function depending on the shape of the
corral. The limits are tggo/T * 1/ha as ha — 0 and tggc/T—
F() as ha — . For diffusion in a circular corral of radius
a, Deutch (1980) obtained a very simple expression for the
mean escape time,

tesc/T = (4 + ha)2wha. “@

For more complicated geometries, we can obtain the
dimensionless escape time fggc from Monte Carlo calcula-
tions. A tracer carries out a random walk on a bounded
region on a lattice, and when a tracer tries to cross a
_boundary, it crosses with probability P. So if P = 0, the
boundary is perfectly impermeable, and if P = 1, the
boundary is perfectly permeable. In physical units, the es-
cape time is tggc = fpscTy

Given an observed corral size and escape time, we can
use Eq. 3 to obtain a value of hA. Unfortunately A, the
logarithmic derivative of the concentration at the wall, is not
a very useful parameter, particularly in single-particle track-
ing experiments. We need a relation between 4 and P. Razi
Naqvi et al. (1982) showed that for a one-dimensional
Smoluchowski model

h = P/e(1 — P), )

and discussed the validity of the Smoluchowski model. We
use Eq. 5 because it is the simplest form with the appropri-
ate limits. The factors of P and 1 — P are required to give
the limits; the factor of € is required on dimensional
grounds. This form is supported by the data collapse to be
shown.

We must also define the size parameter a for corrals on
the lattice. If the tracers diffuse within a hexagonal corral of
radius R, in effect they are absorbed as soon as they move
outside that region. So the absorbing boundary is a hexagon
of radius R + 1, and the number of points in this hexagon
is N = 3(R + 1)®> + 3(R + 1) + 1. For a triangular corral
of side S (see inset, Fig. 2), there are S + 4 points on an edge
of the absorbing boundary, and the number of points in this
triangle is N = (S + 4) (S + 5)/2. For a square corral of side
S, N = (§ + 3)2 For a circular corral of radius R on a
triangular lattice, the points in a circle of radius R + 1 are
counted. The area of one triangle in the triangular lattice is
Aqg; = (\f§/2)€2, and we define a = AV and a* = a/e,
and similarly for the square lattice. For continuum diffusion,
we simply take a to be the square root of the corral area.
These definitions were chosen to make log(tggc/7) at P = 1
independent of corral size for each corral shape.
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FIGURE 2 Reduced mean escape time fgg/T as a function of ha or
aP/f(1 — P). ( ) Analytical results for circular corrals. (- - - -)
Analytical results for square corrals. Monte Carlo results for various corral
shapes: (A) triangular corral on triangular lattice; (+) hexagonal corral on
triangular lattice; (X) circular corral on triangular lattice; (@) circular
corral on continuum; ((J) square corral on square lattice; (M), square corral
on continuum. Escape times for P = 1 are not shown. (inset) Triangular
corral with § = 4. The corral boundary (- - - -) is outside the triangle of side
4, and a tracer disappears when it reaches the absorbing boundary, a
triangle of side 7 just outside the corral boundary. The number of points in
the triangle of side 7 is 36.

With these definitions, the different corral geometries
yield similar curves of dimensionless escape time as a
function of ha or aP/{(1 — P), differing only by a geomet-
rical factor of order one. Results are shown in Fig. 2.

Results for the different corral shapes can be approxi-
mated by curves of the form of Eq. 4,

tesd/T = (A; + Apx)/x, (6)

with x = ha or x = aP/€(1 — P), and the parameters given
in Table 1. Values of A, were obtained from the Monte
Carlo results for P = 1; values of A; were obtained by
least-squares fits to the Monte Carlo results for P < 1, with
the value of A, fixed. The “generic” entry is from a two-
parameter fit to all of the data points in the figure, 197
Monte Carlo values and 162 analytical values. Values for
the generic curve and Eq. 4 differ by at most 15%.

Time and distance scales

To analyze experimental data, what values should we
choose for the units of distance € and time 7,7 In unob-

TABLE 1 Parameters for Eq. 6 for various corral shapes

Corral A, A,
Triangular 0.6291 0.1155 * 0.0002
Hexagonal 0.8236 0.1536 * 0.0009
Circular/lattice 0.8290 0.1562 + 0.0016

Circular/continuum 0.5962 0.1169 * 0.0097
Circular/analytic 0.6366 0.1592
Square/lattice 0.9132 0.1412 + 0.0010
Square/continuum 0.5528 0.1548 + 0.0245
Square/analytic 1.0101 0.1406
Generic 0.7281 0.1516
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structed diffusion, there is no problem. Unobstructed diffu-
sion is self-similar, and we can choose any values of € and
7, related by € = 4D,,. For diffusion in the presence of
point obstacles, we take € to be the sum of the tracer radius
and the obstacle radius, and we find 7; from €. For diffusion
in corrals, we choose 7, to be the experimental sampling
time, typically 1/30 s, and we find ¢ from 7.

Equation 5 shows that an experimental value of 4 does
not determine P uniquely. We must specify a value of €.
Thus, P is a function of 7y, that is, a probability of escape in
one jump time. The probability of escape is simply the
reciprocal of the average number of collisions required to
cross the barrier, so P must depend on the definition of a
collision with the barrier.

If we take 7, = 1/30 s, € may be large enough that a tracer
encounters the barrier independently several times between
observations. A Brownian bridge treatment can be used to
examine this possibility, as in chemical kinetics simulations
(Clifford and Green, 1986). Another option would be to
choose £ to be the barrier width, by analogy with the case of
point obstacles. Theoretical arguments suggest that € should
be taken to be the velocity correlation length €., (Calef and
Deutch, 1983; Axelrod and Wang, 1994). If the mass of a
tracer is m and the temperature is 7, the average thermal
velocity is Vg = (kT/m. The velocity correlation length is
€y = D/Vpy, and the velocity correlation time is 7, =
D/V3y,. So in a time 7y, a tracer with velocity Vi travels a
distance €. The value of h is Vy4/D. For a 30-kDa protein
at 300 K, Vyy = 9.1 m/s. For a diffusion coefficient D, =
0.1 wm?%s, then, 7, = 1.2 fs and €y, = 11 fm. If € is so
small, P must also be very small to give the observed value
of h. What this means physically is that every collision with
the solvent that moves the tracer in the direction of the
barrier is counted as an attempt to cross the barrier, so the
probability of success must be small.

To treat this problem in more detail, one would need to
assume some form for the potential energy of a tracer
crossing the barrier, and do, say, a Brownian dynamics
calculation of the barrier crossing rate (McCammon et al.,
1987). This assumption introduces a molecular length into
the problem, the barrier width, and allows a collision to be
defined unambiguously. In a Brownian dynamics calcula-
tion, a variable time increment would be used, large away
from the barrier and small enough near the barrier that the
force is approximately constant in one time step. These
calculations would yield the probability of crossing per unit
time, the crossing times for those tracers that cross, and the
return times for those that do not.

Distribution of escape times

We can obtain the distribution of escape times from the
Monte Carlo calculations. Typical distributions are shown
in Fig. 3. The most probable value is close to the mean
value. Peak heights shift somewhat from curve to curve, but
the shapes and widths are similar. The distributions are
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FIGURE 3 Distribution of escape times for diffusion in a hexagonal
corral of radius 36, for P = 1, 0.1, 0.01, and 0.001. The vertical lines
indicate mean values. The corresponding distributions for continuum dif-
fusion in a circular corral of radius 20 are practically the same shape, but
shifted to lower tzgc by a factor of 2.65.

broad, with a full width at half-maximum around 1 to 12
orders of magnitude. So if an experimental treatment of the
corral walls changes P by a factor of 3, one would need to
look at many tracers to see an effect. Even with a difference
of a factor of 10, there is significant overlap.

Fraction of distinct sites visited before escape

The fraction of distinct sites visited before escape, Fpgyg, is a
measure of the probability that the diffusing species will react
with another species in the corral before leaving the corral, and
a measure of the visibility of the corral in a tracking experi-
ment. If the corral walls are impermeable enough, the trajec-
tory of the tracer will outline the corral. But this method of
detection has two limitations. First, motion that looks like
trapping can occur by chance in an unobstructed random walk.
Second, we do not know a priori the size, shape, or position of
the corral, or the permeability of the walls.

It is trivial to obtain Fpgyg from the Monte Carlo calcu-
lations on a lattice; the problem is to reduce the results for
various corral sizes, shapes, and escape probabilities to a
common curve.

For a simpler problem, the mean-field or well-mixed
case, there is an analytical expression for the mean time to
visit every site (Nemirovsky and Coutinho-Filho, 1991;
Brummelhuis and Hilhorst, 1992). Here a tracer carries out
a random walk on a lattice of N sites in which each site is
connected to every other site. The mean time to visit every
site is in dimensionless units

, M

] =

N
t;wF =N E
k=1

so that in physical units #\;z = fap7y. In terms of the psi or
digamma function (Abramowitz and Stegun, 1972),

tur = N[$(N + 1) — ¢(1)] ~ NIn N. ®)
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This sum approaches its asymptotic value very slowly, so
we use the exact sum instead of the asymptotic value. (This
random-walk problem is asymptotically identical to a stan-
dard problem in combinatorics, the coupon collector prob-
lem (Feller, 1968), and Eq. 7 is derived there.)

If Fpsyg is plotted as a function of log tggc for various
corral sizes, shapes, and escape probabilities, the data are
very scattered. But if Fpgyg is plotted as a function of x =
tesc /tur, the points fall on a common curve, as shown in
Fig. 4 a. Similar plots using quantities other than fyg, such
as N In N or the time to visit all sites (Nemirovsky et al,,
1990; Brummelhuis and Hilhorst, 1992), gave worse agree-
ment. As Fig. 4 a shows, the data can be approximated by
a simple empirical expression

Fpsve = x*/(xg + x), )

where x; and « are constants. Here x, = 0.4080 and o =
0.9001.

Fig. 4 b shows the distribution of Fpgy for individual
random walks in a hexagonal corral of radius 36. As P
decreases from 1 to 0.001, the distribution shifts from
(Fpgve) = 0.054 to (Fpsyg) = 0.802. The distributions are
broad; the distribution for P = 0.01 covers most of the range

1.0 . :
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r o Squareflattice
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0.8 1.0
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FIGURE 4 (a) Fpgyg as a function of log tpsc/fye for various corral
sizes, shapes, and escape probabilities. For continuum diffusion, calcula-
tions were done for Fpgyg = 0.74. ( ) Equation 9 with xy = 0.4080 and
a = 0.9001, obtained by a least-squares fit to the data in a. (b) Histogram
of Fpgye for individual random walks on the triangular lattice in a
hexagonal corral of radius 36 for the indicated values of P. The vertical
lines show (Fpgvg).
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of Fpgye. Unless P is very small, a tracer does not neces-
sarily visit the entire corral area, and one should consider
the area observed to be a lower limit for the corral area, not
the corral area. In the experiments of Sako and Kusumi
(1994), however, trapped motion in several adjacent corrals
was observed, giving a much better measure of the corral
size.

Note that 4 is not very sensitive to the value of €. The
number of points N in a corral is the ratio of the area of the
corral to the area of a lattice triangle, so N ~ 1/€2, From Eq.
8, tmr ~ NIn N ~ (1/€%) In(1/€2). And, 7; = €%/4Dy, S0 typ
= fyeT~ In(1/€%). So we cannot use observed values of
Fpgvg to determine €.

These results describe diffusion on a lattice. The corre-
sponding results for continuum diffusion are known as the
Wiener sausage problem, because the area of an irregular
sausage-shaped region surrounding a Wiener process is
measured. The Wiener process is the limit of a random walk
as the step size goes to zero and is therefore discontinuous
at every point. To construct the sausage we draw a circle of
prescribed radius at every point on the Wiener process, take
the union of the set of points within these circles, and find
the area of the union (Mandelbrot, 1983). For an unre-
stricted random walk in two dimensions, the volume of the
Wiener sausage is proportional to the number of distinct
sites visited (Berezhkovskii et al., 1989).

In the Monte Carlo calculations, we approximate this as
point and line Wiener sausages. To find the point Wiener
sausage, we record the position of the tracer at every ob-
served time step, surround each position with a circle of
fixed radius, and find the area of the set of overlapping
circles. To find the line Wiener sausage, we connect suc-
cessive trajectory points with straight lines, surround each
point on those lines with a circle of fixed radius, and find the
area of the set of overlapping circles. The sausages for one
random walk are shown in Fig. 5. These approximations are
also appropriate in a tracking experiment, where the posi-
tion of the diffusing particle is measured periodically, not
continuously.

FIGURE 5 Wiener sausage areas for one random walk. (@) Point Wiener
sausage. (b) Line Wiener sausage. The corral radius is 5¢, the escape
probability is P = 0.001, and this random walk is 147 time steps long. This
walk does not fill the entire area and would lead to a serious underestimate
of the corral area. As Fig. 4 b shows, this underestimate is not a fluke, but
a normal feature of random walks. Again, readers should consider how
they would interpret this random walk if it were observed on a cell surface.
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Values of Fpgyg from both point and line Wiener sau-
sages are included in Fig. 4 a and fall on the common curve,
so Fpgyp is meaningful for both lattice and continuum
diffusion. Values of Fpgyp for line Wiener sausages are
~1-7% larger than the values for points. The radius of the
circles was chosen to be €/2 to correspond to the distinct
sites visited in a lattice. To use this approach to examine the
probability of reaction, the radius would be chosen to be the
sum of the radii of the reacting species.

What is the probability that a random walk will
stay within a bounded region?

Earlier work discussed the probability W(R,) that an unob-
structed random walk starting at the origin at 1 = Q remains
within a region of radius R for all times <z (Saxton, 1993).
The family of curves for different R can be reduced to a
single curve by plotting ¥ as a function of D#/R* (in
physical units, not dimensionless units). For D#/R* > 0.1,
this curve is a straight line

log ¥ = 0.2048 — 2.5117(Dt/R?). (10)

This expression can be used to test the reality of what
appear to be corrals.

Equation 10 is a more sensitive test than simply looking
for corrals. Table 2 shows values for ¥ and Fpgy g for point
Wiener sausages for continuum diffusion in a circular corral
of radius 20. We assume that the tracer starts at the center
of the corral at ¢t = 0, so that R = 20, and we assume ¢t =
tesc Values of W are calculated from Eq. 10; for P = 0.5,
the exact values are 2.0-2.5% lower (Saxton, 1993, Eq.
A3). For P = 0.01, only 35% of the sites are visited, so the
corral is not fully outlined by the trajectory, but the value of
¥ is small enough to indicate unequivocally the presence of
a corral. But corrals with more permeable walls are not
particularly obvious in either test. For P = 0.1, only 10% of
the sites are visited, and the probability is almost 40% that
such a trajectory would occur in an unobstructed random
walk. But the escape time is increased 1.8-fold over the
value for free diffusion. So there could be a network of
moderately permeable barriers not readily detected by track-
ing experiments, but sufficient to slow long-range lateral
diffusion by a factor of two or so. Presumably such barriers
could be detected by laser tweezer experiments.

TABLE 2 Tests for presence of a corral

P tesc v Fpsve
0.01 2226.4 0.00051 0.350
0.02 12143 0.0199 0.234
0.05 609.0 0.177 0.141
0.10 3944 0.385 0.100
0.20 296.4 0.549 0.0797
0.50 231.1 0.695 0.0654
0.75 223.1 0.715 0.0635
1.00 214.1 0.739 0.0612
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Interpretation of experimental data

Sako and Kusumi (1994) found an average compartment
radius ¢ = 0.28 um, an average escape time fggc = 29 s,
and a short-range diffusion coefficient D, = 0.1 um?/s.
These results clearly indicate corralling. Simply from the
relation (~*) = 4 D, the root-mean-square displacement for
a freely diffusing particle is 3.4 pum in 29 s, suggesting
confinement. More quantitatively, assume that the tracer
starts at one edge of the corral and diffuses to the other edge,
so that R = 2a. Then, from Eq. 10, the probability of a
displacement no larger than R in a random walk by a free
particle is 9 X 1072,

Next, we find P and Fpgyg, assuming for simplicity a
circular corral. The characteristic time for diffusion in the
corral is 7 = ma*/4D, = 0.616 s, and tggc = 29 s, SO tes/T
= 47.1. Then from Eq. 4, h = 0.0485 um ™. If we take the
jump time 75 to be 1/30 s, then £ = \EDOTJ =0.116 um, and
from Eq. 5, P = 5.57 X 107>, The corral area Ao = 0.246
pm?, and the area of a triangle in the triangular lattice is
Aqr; = (B/4)€2 = 0.00578 pm®. So the number of points
in the corral is N = Acop/Arg; = 42.6. From Eq. 7, by
interpolation, fy = 185, S0 tyr = tyrTy = 6.17 s. From Eq.
9, then, Fpgyg = 0.90.

Suppose that the sampling time is 1/3 s as in Fig. 2 of
Sako and Kusumi (1994). Similar calculations with 7, = 1/3
s instead of 1/30 s show that P increases by a factor of ~
\/1_0 to 0.0174, and Fpgyg = 0.94, a plausible value.

Suppose we choose € to be a typical lipid dimension, 0.8
nm. Then P = 3.88 X 1075, and Fpgyg = 0.756. So P is
sensitive to the choice of £ because P is a function of T, but
the value of Fpgyg is not very sensitive to €, as pointed out
earlier.

Short-range diffusion coefficients: the effect of
the sampling rate

In measuring short-range diffusion coefficients, a problem
arises because a tracer may diffuse a significant fraction of
the corral size in the time between successive measurements
of its position (Sako and Kusumi, 1994). For a domain
radius of 0.28 um and a sampling time of 33.3 ms, a freely
diffusing tracer with diffusion coefficient D, = 1 pum?/s
would diffuse on average 0.37 wum, 130% of the corral
radius. A protein with Dy = 0.1 um?/s, as observed by Sako
and Kusumi (1994), would diffuse 0.12 um between
measurements, ~40% of the corral radius, and a protein
with Dy, = 0.01 um?%/s would diffuse 0.037 pm, ~13% of
the corral radius.

The problem that will arise is shown in the inset to Fig.
6. Suppose that a tracer near the boundary hits the boundary
between observations. Its actual path is ABC, but the path
attributed to it is AC, so the mean-square displacement and
the diffusion coefficient are underestimated. Of course, in
free diffusion, a tracer could follow a similar path, but the
probability of such a path is changed when barriers are
present.
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FIGURE 6 Values of the short-range diffusion coefficients D, (Eq. 12b)
and D,_, (Eq. 12d) for various sampling intervals. Continuum Monte Carlo
calculations were carried out for free diffusion and for diffusion in a circle
of radius 200 step sizes, and escape probabilities P = 0.1 and 0.001.
Positions were recorded every Ny time steps, mean-square displacements
were calculated for these positions, and the diffusion coefficients found.
For free diffusion, the sampling interval has no effect; for confined diffu-
sion, the sampling interval may lower the short-range diffusion coefficient
significantly. (inser) See text.

We examine this problem by Monte Carlo calculations. A
tracer carries out a random walk with a step size much less
than the corral size. The position resulting from this under-
lying random walk is sampled every Ny time steps, and the
mean-square displacement is obtained from the sampled
random walk. The short-term diffusion coefficient of the
underlying random walk is 1, and we evaluate the short-
term diffusion coefficient for the sampled random walk.

The short-term diffusion coefficient of the sampled ran-
dom walk is obtained from the mean-square displacement
over a few sampling times. For example, Sako and Kusumi
(1994) use D, ,, obtained by plotting the mean-square
displacement as a function of time for Az = 2, 3, and 4, and
finding the slope of this line. Because so few time points are
used, it is useful to do the least-squares fit analytically and
obtain an expression for D in terms of the observed mean-
square displacements (MSD) ((n)). If all points are
weighted equally, the slope of a least-squares line is

D= (NSXY — SxSy)/(NSxx — Sg(), (11)

where N is the number of points, Sy, = 2?':] X;, and so forth.
We assume that (¥*(0)) = 0 is a data point, and obtain

D, = [(r*(1)) = (r*(OD]1, (12a)

Dy = [(r*(2)) — (r*(0))) 2, (12b)

D, =[=3(r*(0)) — (r*()) + (r*(2)) + H*B)HV10, (12c)
Dy = [(r*(4)) — (F2))2. (12d)

Note that some of the MSDs cancel out.

For an unconfined random walk, the distribution of inde-
pendent MSDs is a gamma distribution depending on the
number of measurements K (Qian et al., 1991). In the limit
of large K, the gamma distribution yields a Gaussian distri-
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bution. For a confined random walk, however, the distribu-
tions of MSDs are shifted, leading to a shift in the diffusion
coefficients.

Values of the diffusion coefficients D5 and D, , are
shown in Fig. 6 as a function of the sampling interval Ng.
For free diffusion, D = 1 for all definitions of D and all
sampling intervals, as expected. The sampling procedure
simply rescales time by a factor Ng and rescales distance by
a factor \/175 , leaving D unchanged. For confined diffusion,
the observed diffusion coefficient can be 1/2 to 2/3 of the
true value, depending on the sampling interval and the
definition of D. The error increases as the number of time
steps included in the MSDs increases. The error decreases
as the corral size increases.

Two approaches can be used to see whether this problem
arises in experimental data. First, one can calculate short-
term Ds using several definitions and see how well they
agree. Second, one can identify the boundary and calculate
the Ds using only that part of the trajectory at least one step
size away from the boundary.

DISCUSSION

We have shown that the escape time for corrals of different
sizes, shapes, and escape probabilities can be reduced to a
common curve by plotting a reduced escape time tggo/T as
a function of ha for analytical results, and aP/¢(1 — P) for
Monte Carlo results, where a is the corral size, € is the
length of a diffusion step and P is the probability of escape
in one jump time 7;. The dependence on shape is weak, at
least for the compact shapes considered, so that the simple
formulas Eqs. 4 or 6 can be used as a first approximation.

The distribution of escape times from a corral is broad, at
least an order of magnitude wide. One must be cautious, then,
in interpreting experimental results on a few diffusing particles.
If an experimental treatment to strengthen or weaken the corral
walls changed the escape probability by, say, a factor of three,
it would be necessary to look at the effects on many diffusing
particles to establish that there is an effect.

The fraction of distinct sites visited before escape, Fpgyg,
is a measure of the visibility of the corral in a tracking
experiment, and the probability of reaction before escape.
Values of Fpgyg for corrals of various sizes, shapes, and
escape probabilities can be reduced to a common curve by
plotting them as a function of the ratio of the escape time
tesc to the time 7, to visit all sites in a well-mixed corral
of the same size. The distribution of Fpgyg for individual
random walks is broad, so that the size obtained by looking
at a trajectory should be viewed as a lower limit.

For confined diffusion, the finite sampling rate implies
that collisions of a tracer with the boundary may occur
between observations, reducing the observed short-range
diffusion coefficient. To test for this problem, one can
compare various short-range Ds and calculate the Ds using
only that part of the trajectory at least one step size away
from the boundary.
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To understand the escape probability, we need to consider
the mechanism of escape, as discussed by Bashford (1986).
We have assumed that the walls are static potential energy
barriers. Each attempt to cross the barrier is independent,
and the probability of immediately recrossing a barrier is the
same as the probability of crossing it in the first place. Note
that in this model an isolated corral would be visible both
because it would confine internal particles and because it
would exclude external particles.

Another possibility is that the walls are fluctuating gates,
with some characteristic fluctuation time (Bashford, 1986).
If the gates open and close much faster than the average
time between attempts to cross the boundary, the situation is
the same as for static barriers. If the gates open and close at
a rate slower than the time between attempts to cross the
boundary, then attempts to cross are correlated. If a tracer
crosses the boundary, the gate is open and there is a higher
probability that the gate will remain open and the tracer will
recross in the opposite direction. This process could easily
be incorporated into the model.

What happens in erythrocytes? In the idealized membrane
skeleton, the corrals are equilateral triangles of side 76 nm and
the diffusion coefficient in the absence of corrals is the value
for spherocytes, D = 0.25 um?/s (Sheetz et al., 1980), so the
characteristic time for diffusion is 5.8 ms. The characteristic
time for spectrin-spectrin association in the erythrocyte is not
known. The value in bulk solution is 625 s (Ungewickell and
Gratzer, 1978), but the actual value in the cell may be less, on
account of the high concentration of spectrin at the membrane
and the presence of compounds affecting association. An es-
timate based on the bond percolation model suggests a value
~0.1 s (Saxton, 1989). In either case, diffusion is fast com-
pared with the association time.

Laser trap experiments could clarify the situation. If one
tried to move a protein across a barrier repeatedly at the
same point, one could see if the probability changed with
time. If there were gate-opening and gate-closing events,
one could obtain a rough bound on the rate, at least good
enough to distinguish 625 s from 0.1 s.

I thank K. Jacobson, A. Kusumi, E. D. Sheets, and R. Simson for helpful
discussions.
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APPENDIX A
Escape time from circle

The diffusion equation is

oC(r,1) D d [ aC(r,1)
T‘?E[’TJ’ (an

where C(r,t) is the concentration of diffusing particles and D is the
diffusion coefficient. The initial condition is a uniform distribution, and the
boundary condition is

aC/or = hC (A2)
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at r = R. The concentration of diffusing particles at position 7 and time ¢ due
to a cylindrical source at position r’ at t = 0 is (Carslaw and Jaeger, 1959,
p. 369)

2 ® ’
Clr,r',t)= [ﬂ_—lag] > .T;m% exp(—a2Dt),
(A3)
where J, and J, are Bessel functions, and the a, are the positive roots of
haly(aa) — aat(aa) = 0. (A4)

If we assume a uniform initial distribution, the total number of particles
N(1) in the corral is obtained by integrating over r and r’, using (Gradshteyn
and Ryzhik, 1994)

n=1

J 2mrdrly(ar) = 2mal/a)l,(aa) (AS)
0
to give
o 1 VACY)
N()=4 —a2Dt).
=4 2 o7 ) + Hlam) PP
(A6)
But (Lee et al., 1987)
fesc = J' N(t)dt, (A7)
0
so that
162 1 Saa)
tesdT = 2 o ) + ) A9

where 7 = ma?/4D. In the limit as ha — 0, tpgo/T — 2/7ha, and in the limit
as ha —> , tgqo/T — 1/277; the required sum over the roots of the Bessel
function is evaluated by Davis (1962).

APPENDIX B
Escape time from square

The escape time from a square corral is obtained similarly. From Carslaw
and Jaeger (1959, pp. 33-34 and 360-361) the two-dimensional Green’s
function is the product of two one-dimensional functions:

Clx,y,x',y',t) =

Y ZoX)Z (") Zn(9)Z( ¥ Jexp[—D(c, + od)t],

mmn=1

(B1)

where
Z.(x) = Aoty cos(apx) + hsin(ax)],  (B2)
Ay = 2a/[(ana)® + (ha)? + 2hal, (B3)

and the a,, are defined by

tan(aa) = 2ah/(a* — H3). (B4)
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Then the total number of particles in the corral is

1 a a a a
N@) = 7 dxdydx'dy'C(x,y,x',y', t)

0 Y0 Y0 Y0

(B5)

We do the integrals and use Eq. B4 to simplify the result, obtaining

1 -]
N(@) == 2 BPEexp[—D(c? + o],

2 (B6)
mn=1
and on integrating over ¢, we obtain
4 2 1
- 2 2
tgsd/T = P mn2=1 I (aa)’ + (@)’ B7)
where
T=a*4D (B8)
and
ha [(a,a)? + (ha)?
— A2 |l VT
I,=AY . [(ama)z —(ha)? cos(aa) + 1. (B9)
In the limit as ha — 0, tggc/T — 1/ha, and in the limit as ha —> o,
256 2 1 1 — o1 B0
tESdT b 7 = m2n2 m2 + n2 - U. 40577. ( )

m,n odd
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